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Irreducible ϕ-Verma modules for hyperelliptic Heisenberg
algebras
Felipe Albino dos Santos
Abstract. We defined the hyperelliptic Heisenberg algebra as the Heisen-
berg subalgebra of a hyperlliptic Krichever-Novikov algebra. Then we gave a
explicit irreducibility criteria for ϕ-Verma modules for these algebras.
Introduction
If R is an commutative C-algebra and g is a simple Lie C-algebra, it is well
known from the work of Kassel and Loday (see [KL82], and [Kas84]) that the
universal central extension G of g⊗R is the vector space (g⊗R)⊕ ΩR1 /dR where
ΩR1 /dR is the space of Ka¨hler differentials module exact forms. The space G is
made into a Lie algebra by defining
[x⊗ f, y ⊗ g] = [xy] + (x, y)fdg, [x⊗ f, ω] = 0
for x, y ∈ g, f, g ∈ R, ω ∈ Ω1R/dR, (·, ·) denotes the Killing form on g, and a¯ denotes
the image of a ∈ Ω1R in the quotient Ω
1
R/dR.
Consider the Riemann sphere C∪{∞} and fix a set composed by n > 2 distinct
points on this Riemann sphere P = {p1, p2, ..., pn}. Bremner gave G type algebras
the name n point algebras when R is the ring of rational functions with poles allowed
only at P . The n point Lie algebras are examples of Krichever-Novikov algebras.
Probably the simplest example of Krichever-Novikov algebra beyond an affine
Kac-Moody algebra is the three point algebra. If we look at the three point algebra
case when g = sl(2,C), Cox and Jurisich showed at [CJ13] that the three point ring
is isomorphic to R1 = C[t, t
−1, u] with u2 = t2 + 4t and gave a free field realization
for the three point affine Lie algebra. Furthermore, [CJ13] defined the subalgebra
sl(2,R)⊗R1 ⊕Ω
R1
1 /dR1 as the three point Heisenberg algebra through generators
and relations.
The four point algebra was studied by Bremner at [Bre95] and, when g =
sl(2,C), by Cox at [Cox08]. Bremner showed that the four point ring is isomorphic
to R2 = C[t, t
−1, u] where u2 = t2 − 2bt + 1 with b ∈ C \ {±1} and gave a free
field realization of the four point affine Lie algebra in terms of the ultraspherical
Gengenbauer polynomials. Cox gave a realization for the four point algebra where
the center acts nontriavially, furthermore [Cox08] defined the subalgebra sl(2,R)⊗
R2 ⊕ Ω
R2
1 /dR2 as the four point Heisenberg algebra.
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We can find another examples of Krichever-Novikov algebras beyond the n
point algebras such as the elliptic algebra and Date-Jimbo-Kashiwara-Miwa algebra.
Bueno, Cox and Futorny showed at [BCF09] two realizations of the elliptic algebra
sl(2,C)⊗R3 ⊕Ω
R3
1 /dR3 where R3 = C[t, t
−1, u] with u2 = t3 − 2bt+ t and defined
the subalgebra sl(2,R)⊗R⊕ ΩR1 /dR as the elliptic Heisenberg algebra.
The DJKM algebra introduced by Date, Jimbo, Kashiwara and Miwa in
[DJKM83] are nothing but a one dimensional central extension of g ⊗ R3 with
R3 = C[t, t
−1, u] with u2 = (t2 − b2)(t2 − c2) where b 6= ±c are complex constants
and g is a simple finite dimensional Lie C-algebra. Cox, Futorny and Martins
constructed a realization of the DJKM algebra when g = sl(2,C) in terms of sums
of partial differential operators in [CFM14], furthermore defined the subalgebra
sl(2,R)⊗R3 ⊕ Ω
R3
1 /dR3 as the DJKM Heisenberg algebra.
It is a natural question how to classify irreducible modules for these Heisenberg
subalgebras defined above. Inspired by [BBFK13], in this paper we give an irre-
ducibility criteria for ϕ-Verma modules over the hyperelliptic Heisenberg algebras.
Given an affine Lie algebra g, the subspace L = Cc⊕
⊕
n∈Z\{0} gnδ is a Heisen-
berg subalgebra. Let ϕ : N → ± be an arbitrary function defined on N. The
following spaces are abelian subalgebras
L±ϕ =

 ⊕
n∈N,ϕ(n)=±
gnδ

 ⊕

 ⊕
m∈N,ϕ(m)=∓
g−mδ


and
L = L−ϕ ⊕ Cc⊕ L
+
ϕ
is a triangular decomposition. Let Cv be an one-dimensional representation of
Cc⊕ L+ϕ , where cv = av for some a ∈ C and L
+
ϕ = 0. The corresponding ϕ-Verma
module is the induced module
Mg,ϕ = U(L)⊗U(Cc⊕L+ϕ ) Cv
where U(A) denote the universal enveloping algebra of A.
The main result of this paper is Theorem 4.2 which estabilishes the ir-
reducibility criteria for ϕ-Verma modules over hyperelliptic Heisenberg
algebras.
1. The universal central extension of a Lie algebra
Let c be a Lie algebra. The central extension of g by c is an exact sequence of
Lie algebras
(1.1) 0 −→ c
i
−→ e
pi
−→ g −→ 0
such that c is the centre of e.
A morphism from one existing central extension to another central extension
(1.2) 0 −→ c′
i′
−→ e
pi′
−→ g −→ 0
a pair (φ, φ0) of Lie algebra homomorphisms such that the diagram
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c e g
c′ e′
φ
i
φ0
i′
is commutative.
The central extension is said to be a covering of g in case e is perfect. A covering
of g is said to be universal central extension if for every central extension of g there
exists a unique morphism from the covering to the central extension.
2. The hyperelliptic Lie algebra
Our goal in this section is to recall, following [Bre95] and [CI17], the universal
central extension of the Lie algebra sl(2,C) ⊗ R with R = C[t±1, u : u2 = p(t)],
where p(t) = t(t − α1) · · · (t − αr) =
∑r+1
i=1 ait
i ∈ C[t], αi’s are pairwise distinct
nonzero complex numbers with, ai’s are complex numbers and ar+1 = 1. Using
a classical result by C. Kassel [Kas84], Bremner described the universal central
extension of sl(2,C) ⊗ R in [Bre95]. Before state this, we recall the module of
Ka¨hler differentials module.
Let F = R⊗R be the left R -module with action f(g⊗h) = fg⊗h for f, g, h ∈ R.
Let K be the submodule generated by the elements 1⊗ fg − f ⊗ g − g ⊗ f . Then
Ω1R = F/K is the module of Ka¨hler differentials. We denote the element f ⊗ g+K
of Ω1R by fdg. We define a map d : R → Ω
1
R by d(f) = df = 1 ⊗ f + K and we
denote the coset of fdg modulo dR by fdg.
Theorem 2.1 ([KL82]). Let g be a simple finite-dimensional complex Lie al-
gebra and let R be any commutative associative C-algebra. The universal central
extension of g⊗R is linearly isomorphic to (g⊗R)⊕Ω1R/dR, where Ω
1
R/dR is the
space of Ka¨hler differentials of R modulo exact differentials.
The commutation relations of gˆ = (g⊗R)⊕ Ω1R/dR are
[x⊗ f, y ⊗ g] = [xy]⊗ fg + (x, y)fdg,
[x⊗ f, ω] = 0,
where x, y ∈ g, f, g ∈ R, ω ∈ Ω1R/dR, (·, ·) denotes the Killing form on g.
Since we are interested in the description of gˆ, it is important to remember
that:
Theorem 2.2 ([Bre95], Theorem 3.4). Let R = C[t±, u : u2 = p(t)]. The set
(2.1) {t−1dt, t−1udt, . . . , t−rudt},
forms a basis of Ω1R/dR.
We set the following notation
ω0 := t−1dt and ωk := t−kudt(2.2)
for 1 ≤ k ≤ r.
Following [CI17], we defined some polynomials in order to give a description
of gˆ. With m = 2 and a0 = 0, we let Pk,i := Pk,i(a1, ..., ar), k ≥ −r,−r ≤ i ≤ −1
be the polynomials in the ai satisfying the recursion relations:
4 FELIPE ALBINO DOS SANTOS
(2.3) (2k + r + 3)Pk,i = −
r∑
j=1
(3j + 2k − 2r)ajPk−r+j−1,i
for k ≥ 0 with the initial condition Pl,i = δl,i, −r ≤ i, l ≤ −1. Furthermore, we set
Qm,i satisfying
(2.4) (2m− 3)a1Qm,i =

r+1∑
j=2
(3j − 2m)ajQm−j+1,i


with initial condition Qm,i = δm,−i for 1 ≤ m ≤ r and −r ≤ i ≤ −1.
Theorem 2.3 ([CI17], Theorem 5.1). Let a1 6= 0. Let g be a simple finite
dimensional Lie algebra over the complex numbers with Killing form (·|·) and for
a = (a1, . . . , ar) define ψij(a) ∈ Ω
1
R/dR by
(2.5) ψij(a) =
{∑r
k=1 Pi+j−1,−kωk if i+ j ≥ −r + 1,∑r
k=1Q−i−j+1,−kωk otherwise.
The universal central extension of the hyperelliptic Krichever-Novikov algebra g⊗R
is the Z2-graded Lie algebra
(2.6) gˆ = gˆ0 ⊕ gˆ1
where
gˆ0 = (g⊗ C[t, t−1])⊕ Cω0, gˆ
1 = (g⊗ C[t, t−1]u)⊕
r⊕
k=1
(Cωk)(2.7)
with braket
[x⊗ ti, y ⊗ tj ] =[x, y]ti+j + δi+j,0j(x, y)ω0,(2.8)
[x⊗ tiu, y ⊗ tju] =[x, y]⊗ ti+jp(t) +
r+1∑
k=1
(
j +
1
2
k
)
akδi+j,−kω0,(2.9)
[x⊗ tiu, y ⊗ tj ] =[x, y]u⊗ ti+ju+ j(x, y)ψij(a).(2.10)
We call this algebra hyperelliptic Lie algebra.
3. The hyperelliptic Heisenberg subalgebra
Definition 3.1 (hyperelliptic Heisenberg algebra). The Cartan subalgebra h
of sl(2,C) tensored with R generates a Heisenberg subalgebra of gˆ. The Lie algebra
with generators bm, b
1
m,m ∈ Z, 1i, i ∈ {0, 1, ..., r}, and relations
[bm, bn] = 2nδm+n,010,(3.1)
[b1m, b
1
n] = (1/2)(n−m)a−(m+n)10,(3.2)
[b1m, bn] = 2n
r∑
k=1
((δm+n−1≥−r)Pm+n−1,−k + (δm+n−1<−r)Q−m−n+1,−k) 1k,(3.3)
[bm, 1i] = [b
1
m, 1i] = [1i, 1j ] = 0,(3.4)
where i, j ∈ {0, ..., r} and k ∈ Z, is called the hyperelliptic Heisenberg algebra and
we will denote it by hˆ.
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Let ϕ be an function from Z to {±} such that ϕ(n) = +⇔ ϕ(−n) = −. Setting
hˆ±ϕ =

 ∑
n∈Z<0
ϕ(n)=∓
(Cbn + Cb
1
n)

⊕

 ∑
m∈Z>0
ϕ(m)=±
(Cbm + Cb
1
m)


and
hˆ0 = Cb0 +C b
1
0 +
r∑
i=0
1iC.
we introduce a Borel type subalgebra bˆϕ := hˆ
0 ⊕ hˆ+ϕ . Due to the defining relations
above one can see that bˆϕ is a subalgebra.
Lemma 3.2. Let V = Cv0 ⊕ Cv1 be a two-dimensional representation of bˆ ,
where hˆ+ϕvi = 0 for i = 0, 1. Suppose λ, µ, ν, χj , γ, κ0 ∈ C for j ∈ {1, . . . , r} are
such that
b0 · v0 = λv0 , b
1
0 · v0 = µv0 + νv1 , 1jvi = χjvi,
b0 · v1 = λv1 , b
1
0 · v1 = γv0 + µv1 , 10vi = κ0vi,
for i ∈ {0, 1}. Then
r∑
k=1
(Pm+n−1,−k)χk = 0, if m+ n ≥ −r + 1, and(3.5)
r∑
k=1
(Q−m−n+1,−k)χk = 0 otherwise.(3.6)
Proof. Since bm acts by scalar multiplication for m,n ∈ Z, the first defining
relation (3.1) is satisfied. The second relation (3.2) is also satisfied. If n = 0, then
since b0 acts by a scalar, the relation (3.3) leads to no condition on λ, µ, ν, χj , γ, κ0 ∈
C, the third relation gives the condition on χj as
0 = b1mbnvi − bnb
1
mvi = [b
1
m, bn]v
= 2n
r∑
k=1
((δm+n≥−r+1)Pm+n−1,−k + (δm+n<−r+1)Q−m−n+1,−k) 1kv

4. ϕ-Verma modules for the hyperelliptic Heisenberg subalgebra
Now consider the following induced ϕ-Verma gˆ-module
(4.1) Mgˆ,ϕ = U(gˆ)⊗bˆϕ Cv.
Given an integer n, we consider that
(4.2) sgn(n) =
{
+ if n > 0,
− if n < 0.
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Lemma 4.1. If m,n ∈ Z \ {0}, ϕ(m) = sgn(m) and ϕ(n) 6= sgn(n), then
bm(bn)
lv =(2lnκ0)δm+n,0((bn)
l−1)v,(4.3)
bm(b
1
n)
lv =0,(4.4)
b1m(b
1
n)
lv =(1/2)(lκ0)
(
(n−m)a−(m+n)
)
((b1n)
l−1)v,(4.5)
b1m(bn)
lv =0.(4.6)
Proof. Using the Lemma 3.2 and the relations in Definition 3.1 we have that
bm(bn)
lv =[bm, (bn)
l]v +
✘
✘
✘
✘
(bn)
lbmv
=l(bn)
l−1[bm, bn]v
=(2lnκ0)δm+n,0((bn)
l−1)v.
bm(b
1
n)
lv =[bm, (b
1
n)
l]v +
✘
✘
✘
✘
(b1n)
lbmv
=l(b1n)
l−1[bm, b
1
n]v
=0
b1m(b
1
n)
lv =[b1m, (b
1
n)
l]v +
✘
✘
✘
✘
(b1n)
lb1mv
=l(b1n)
l−1[b1m, b
1
n]v
=(1/2)(lκ0)
(
(n−m)a−(m+n)
)
((b1n)
l−1)v.
b1m(bn)
l =[b1m, (bn)
l]v +
✘
✘
✘
✘
(bn)
lb1mv
=l(bn)
l−1[b1m, bn]v
=0

Here we state our main result.
Theorem 4.2. Mgˆ,ϕ is irreducible if and only if κ0 6= 0.
Proof. Set
(Mgˆ,ϕ)n =

w ∈Mgˆ,ϕ : w =

∑
(α¯,β¯)
ξ(α¯, β¯)
∏
i∈Z\{0}
ϕ(i) 6=sgn(i)
bαii
∏
i∈Z\{0}
ϕ(j) 6=sgn(n)
(b1j)
βj

 v,
∑
i
αi +
∑
j
βj = n, ∀(α¯, β¯)

 .
We say that deg(w) = n if w ∈ (Mgˆ,ϕ)n. We suppose κ0 6= 0 and proceed by
induction in deg(w).
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(1) Suppose that deg(w) = 1, then
(4.7) w =

 ∑
i∈Z
ϕ(i) 6=sgn(i)
ξibi +
∑
i∈Z
ϕ(i) 6=sgn(i)
ξ1i b
1
i

 v
where only finitely many of ξi, ξ
1
i ∈ C are nonzero.
(a) If ξ′is are all zero, then there is ξ
1
m 6= 0 for some m ∈ Z such that
ϕ(m) 6= sgn(m). Let be x ∈ hˆ+ϕ such that x = b
1
−m. We have that
(4.8) xw = x
∑
i∈Z
ϕ(i) 6=sgn(i)
ξ1i b
1
i v = (1/2)κ0
∑
k∈Z
ϕ(i) 6=sgn(i)
ξ1k(k −m)a−(k+m)v.
(b) If there is some ξk nonzero, let x ∈ hˆ
+
ϕ such that x = b−k. We have
that
(4.9) xw = x
∑
i∈Z
ϕ(i) 6=sgn(i)
ξibiv = 2κ0kξkv.
Then in both cases there is x ∈ hˆ+ϕ such that xw 6= 0 and deg(xw) = 0.
(2) Suppose that for all v ∈ Mgˆ,ϕ with degree n, there is y ∈ hˆ
+ such that
yw 6= 0 and deg(yw) = 0. Suppose that deg(w) = n + 1, so an arbitrary
element Mgˆ,ϕ with this degree is
w =

 ∑
i∈Z
ϕ(i) 6=sgn(i)
ξib
(n+1)
i +
∑
i∈Z
ϕ(i) 6=sgn(i)
ξ1i (b
1
i )
(n+1)(4.10)
+
∑
(α¯,β¯)
ξ(α¯, β¯)
∏
i∈Z
ϕ(i) 6=sgn(i)
bαii
∏
j∈Z
ϕ(j) 6=sgn(j)
(b1j)
βj

 v
where, a := {a0, a2, ..., al} with ai ∈ Z, only finitely many of ai, ξi, ξ
1
i and
ξ(α¯, β¯) are nonzero.
(a) If there is ξ(α¯, β¯) 6= 0, so let ξ(k¯, l¯) 6= 0 and letm be the greatest index
with km 6= 0 and x ∈ hˆ
+
ϕ such that x = b−m. Furthermore, reorganize
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the monomials in the way that with the appopriate constants
w =

 ∑
i∈Z\{0}
ϕ(i) 6=sgn(i)
ξib
(n+1)
i +
∑
i∈Z\{0}
ϕ(i) 6=sgn(i)
ξ1i (b
1
i )
(n+1)
+
∑
(α¯,β¯)
ξ(α¯, β¯)
∏
i∈Z\{0}
ϕ(i) 6=sgn(i)
bαii
∏
i∈Z\{0}
ϕ(i) 6=sgn(i)
(b1j)
βj

 v
=

 ∑
i∈Z\{0}
ϕ(i) 6=sgn(i)
ξ˜ib
(n+1)
i +
∑
i∈Z\{0}
ϕ(i) 6=sgn(i)
ξ˜1i (b
1
i )
(n+1)
+
∑
(α¯,β¯)
ξ˜(α¯, β¯)bαmm
∏
i∈Z\{0,m}
ϕ(i) 6=sgn(i)
bαii
∏
j∈Z\{0}
ϕ(j) 6=sgn(j)
(b1j)
βj
+
∑
(α¯,β¯)
ξ˜(α¯, β¯)b
αi0
i0
∏
i∈Z\{0,m}
ϕ(i) 6=sgn(i)
bαii
∏
j∈Z\{0}
ϕ(j) 6=sgn(j)
(b1j )
βj

 v.
Applying x to w we get
xw = ξ˜m2κ0(n+ 1)mb
n
mv + 0 +
∑
(α¯,β¯)
ξ˜(α¯, β¯)b−mb
αm
m
∏
i∈Z\{0,m}
ϕ(i) 6=sgn(i)
bαii
∏
i∈Z\{0}
ϕ(i) 6=sgn(i)
(b1j )
βjv
+
∑
(α¯,β¯)
ξ˜b−mb
αi0
i0
(α¯, β¯)bαmm
∏
i∈Z\{0,m}
ϕ(i) 6=sgn(i)
bαii
∏
j∈Z\{0}
ϕ(j) 6=sgn(j)
(b1j)
βjv
= ξ˜m2κ0(n+ 1)mb
n
mv
+
∑
(α¯,β¯)
ξ˜(α¯, β¯)αm(2mκ0)b
αm−1
m
∏
i∈Z\{0,m}
ϕ(i) 6=sgn(i)
bαii
∏
j∈Z\{0}
ϕ(j) 6=sgn(j)
(b1j)
βjv.
Then xw 6= 0 and deg(xw) = n.
(b) If ξ(α¯, β¯) = 0, ∀(α¯, β¯).
(b.i) If there is ξk 6= 0 let x = b−k and xw = 2κ0(n+ 1)kξ
n
k b
n
kv.
(b.ii) If all the ξi’s are zero, then there is χ
1
m for some m ∈ Z such
that ϕ(m) 6= sgn(m). Let x = b1−m. We have that
(4.11) xw = (1/2)(n+ 1)κ0
∑
k∈Z
ϕ(i) 6=sgn(i)
ξ1k(k −m)a−(k+m)(bk)
nv.
So xw 6= 0 and deg(xw) = n.
Since κ0 6= 0 implies that the submodule generated by w contains v so is all Mgˆ,ϕ.
But w was an arbitrary nonzero element, so Mgˆ,ϕ is irreducible in this case.
If κ0 = 0 then NBˆ,ϕ :=
⊕
n∈Z\{0}(MBˆ)n is a proper submodule. 
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